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Ah&act-The first problem dealt with in thii paper is the solution of the equations concerning the steady 
laminar plume above a horizontal line heat source. While there are some controversies raised against what 
is proposed on this problem by Gebhart er al. [l], new numerical solutions which are more accurate are 
presented for Pr = 0.01, 0.03, 0.1, 0.3, 0.7, 1, 3, 5, 10, 30 and 100. Furthermore, the profiles of vertical 
velocity component and temperature are graphed so that there may be convenience of interpolation for an 
arbitrary F’randtl number. 

The relation between theory and experiment is taken up for consideration, by reviewing all-inclusively 
the results of experiments made on the plumes in air, water and spindle oil as well as those hitherto reported 
on air and liquid silicone. While the natural motion of plume left undisturbed is extremely slow, it is con- 
siderably resembled to the fluttering of a flag. The photographs offered here represent typical motion of the 
plume in spindle oil. Generally speaking, experimental results are different from theories, but, so far as the 
temperature distribution in the plume is concerned, the similarity variable corresponding to the theory is 
applicable to it. The maximum temperatures in the plumes in air were about 1 S-20 per cent lower than the 
theoretical predictions in the whole range of Grashof number. Those in water and spindle oil were in good 

agreement with the theoretical predictions in the range of about Gr < 106. 
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dimensionless stream function; 
dimensionless vertical flow rate; 
dimensionless vertical velocity corn- 
ponent ; 

t 
0’ 

u, 
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temperature on the mid-plane of 
plume or maximum of t measured at 

x; 
vertical velocity component; 
elevation above the line heat source; 

eigenvalue off’ ; Y, horizontal distance 
dimensionless stream function used plane of plume. 
by Gebhart et al.; 
gravitational acceleration; Greek symbols 
Grashof number defined by (8); l% volumetric thermal 
dimensionless temperature; efficient ; 

from the mid- 

expansion co- 

eigenvalue of h; 6, 
dimensionless temperature used by 
Gebhart et al.; vl, 
normalyzing constant given by (10); 
constant defined by (21); 0, 
Prandtl number; 
heat rate per unit length of the line A., 
heat source; 
fluid temperature above the ambient ;: 
temperature; 

755 

temperature layer thickness defined 
in (12); 
dimensionless coordinate used by 
Gebhart et al.; 
number with dimension of tempera- 
ture defined by (9); 
thermal conductivity; 
kinematic viscosity; 
dimensionless coordinate defined by 
(7); 
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1. INTRODUCTION 

WHEN a horizontal line heat source is placed in 
a quiescent fluid, there is formed a layer. This 
is called buoyant plume or natural convection 
plume. 

Concerning the theoretical treatment of the 
steady laminar plume, Gebhart et al. [I] have 
written an inclusive paper, which has, however, 
some doubtful points. In the first place, though 
the literature survey is significant and useful, a 
mistake of closed form solutions is quoted 
without correcting it. In the second place, the 
discussion of apparent redundancies in boundary 
conditions, which pertains to one of the funda- 
mental characteristics of pertinent differential 
equations, is mathematically questionable. In 
the third place, the reliability of numerical 
solutions proposed for Pr = 0.1, 0.7, 6.7 and 
10 falls short of the indicated significant 
figures. Furthermore, the results for Pr = 0.01 
and 100 are useless, since real values of velocity 
and temperature field cannot be obtained 
according to what they proposed in their paper. 

Recently, Soward [2] analyzed buoyant con- 
vection in a vertical magnetic field. Brodowicz 
[3] applied the theoretical results of thermal 
buoyant convection to the treatment of the 
experimental data of diffuse buoyant convec- 
tion. Savage-Chan [4] treated a buoyant two- 
dimensional laminar vertical jet, taking account 
of the initial conditions of the momentum flux. 
Under these circumstances it is considered 
preferable to represent accurate numerical solu- 
tions for a wide range of Pr number, since the 
numerical calculation is very tedious and is 
liable to cause errors. 

The first object of the present paper is to 
propose more accurate numerical solutions 
after commenting on the work of Gebhart et al. 

Concerning experimental studies the authors 
have three recent papers of [5-71 ready in hand. 
Brodowicz-Kierkus [5] grasped the whole 
characteristics of the plume in air by measuring 
the temperature and velocity distribution, using 
a Mach-Zehnder interferometer and dust-par- 
ticle trajectory respectively. Main points ob- 

tained are listed as follows; (i) The vertical 
velocity component is generally higher, the 
temperature on and near the vertical plane, 
including the heat source, is lower and the 
width of the plume is more expanded, in com- 
parison with those of the theoretical predic- 
tion. (ii) Because of the boundary layer of about 
one centimeter diameter formed around the 
heat source, a velocity field is brought forth 
under the heat source, too. The entrance 
velocity from the ambient to the plume is 
slightly inclined downwards instead of being 
strictly horizontal. These facts are discrepant 
with the theoretical assumption. (iii) Both 
distributions of temperature and velocity are 
not strictly symmetrical with respect to the 
vertical plane including the heat source. 

Forstrom-Sparrow [6] contrived an en- 
closure, which isolated the plume in air from 
the surroundings. The temperature profile in 
the plume was measured by a thin thermocouple 
over wide ranges of heat rates and elevations 
above the heat source. A traversing apparatus 
assembled in the enclosure was remotely con- 
trolled. It may be appreciated that they dis- 
covered the following new facts through their 
study. (iv) The laminar plume displays a slow, 
regular swaying motion, which is regarded as 
one of the characteristics of buoyant plumes. 
(v) The onset of transition to turbulence occurs 
at Gr = 5 x lo*, and fully turbulent conditions 
prevail at Gr = 5 x 109. 

Schorr-Gebhart [7] measured the tempera- 
ture profile in the plume in liquid silicone of 
Pr = 6.7 by means of a Mach-Zehnder inter- 
ferometer. They established an ideal test con- 
dition by minimizing the minor circulation 
caused by both the walls of the test tank and 
the plume itself, and by reducing the variation of 
the physical properties with temperature. A 
slight twist observed in the fringes in the photo, 
however, seems to show that the swaying 
motion is not arrested completely. All facts 
discovered may be as follows; (vi) The necking 
in of the plume takes place owing to the non- 
infinite length of the heat source. 
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Forstrom-Sparrow and Schorr-Gebhart both 
asserted that they could make the temperature 
profile agree excellently with theory by accurate 
measurements. It is, however, unlikely that the 
temperature profile in the plume, which ac- 
companies the swaying motion, is in agreement 
with the theoretical prediction concerning steady 
condition. 

PeraaGebhart [8] performed theoretical cal- 
culation on the stability of plume and its experi- 
mental varification with using air. The unstable 
flow treated in their paper, however, seems to be 
different from above-mentioned swaying motion. 

The authors experimented on the plumes in 
air, water and spindle oil, but they adopted no 
special measures to stabilize them in each case. 

The second aim of the present paper is to 
discuss on the relation between the theory and 
phenomena, based on the several results men- 
tioned above. 

2. CONSIDERATION ON THE THEORETICAL 
TREATMENT 

following differential equations 
The problem is concerned with solving the 

f”’ + 28” - jfrz + h = 0, 

h” + ;Pr(hf)’ = 0, 

subject to the boundary conditions 

as follows; 

(1) 

(2) 
f' = 

1. 

The conservation of momentum is expressed as 

(11) 

The temperature layer thickness 6 is defined by 
the following formula, 

612 
2 f hd[ = 7 hd<. (12) 

-a/z -m 

For details of the above equations and 
definitions refer to [9]. 

2.1 Closed form solutions 
Yih [lo] presented closed form solutions 

Solutions normalized by (17) for Pr = $ are 

for Pr = 5 and z. It is assumed intuitively in 
his analysis that dimensionless profiles of 
vertical velocity component and temperature 
are expressed by a power of hyperbolic function. 
The solutions obtained by the above assump- 
tion, however, are confined to the cases of Pr = $ 
and 2, which correspond to the cases deduced 
by Crane [ll] and Fujii [9] respectively. Yih’s 
mistake comes from his arithmetic operations. 

(13) 

n = (&rsech’(&)t& (14) 
f” = f = h’ = 0 at 5 = 0, (3) 

f'= h =0 at <-+ co, (4) 

where the prime denotes differentiation with 
respect to t. 

The vertical velocity component u and tem- 
perature t are expressed as 

u = vGr*f ‘lx, (5) 

t = Gr-*Oh, (6) 

where 

r = Gr*y/x, Gr = x3g/?O/vz, (7), (8) 

0 = QJIIPr, I = 7 f’h d& (9), (10) 
-a) 

2.2 Boundary conditions 
Equation (2) is solved subject to the second 

and third conditions of (3) as 

h = h(0) exp (-:Pr if d<), (15) 

where h(0) is an eigenvalue of h. Since f is 
positive and becomes constant for large 5, 
lim h = 0. Therefore, the last condition of (4) 
t-too 
given by a physical consideration is not in- 
dependent. The brief summary given above is 
the beginning of the discussion of Gebhart et al. 
[1] on the redundancies in boundary conditions. 
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Since the above-mentioned relation 

lim f = positive constant (16) 
5-m 

is one of the characteristics of the solutions of 
(1) and (2), it is unreasonable to give this condi- 
tion before solving them. It is still reasonable 
that the boundary conditions generated deli- 
nitely from physical condition are confined to 
live of (3) and (4). 

While n boundary conditions are generally 
indispensable and sufficient to solve the nth 
order system of differential equations, the 
uniqueness of the solution is never assured. The 
fact that (1) and (2) have an infinite number of 
solutions is one of the characteristics of these 
equations. Fujii [9], therefore, introduced a 
normalizing condition as 

_[ f’hdt = 1. (17) 

It may be considered that the condition 

h(0) = 1 (18) 
employed by Gebhart et al. is the substitution 
for (17). If necessary, it may be substituted by 

f’(0) = 1 (19) 

or by other conditions as shown in [4, 121, 
because the present problem is one eigenvalue 
problem as plain from I.3 of [9]. For the calcula- 
tion of real values of velocity and temperature, 
however, none of these conditions of (17x19) etc. 
is necessary, if only the value of integral (10) is 
available. On the contrary, the real values 
cannot be obtained without this integral value. 
In solving (1) and (2) it is convenient to assume 
the value of h(0) properly and find out the 
corresponding f’(O), because h approaches 
monotonously to zero because of the charac- 
teristics of (2) or (15). 

Gebhart et al. misunderstood the statement 
“the theoretical or numerical calculation cannot 
be performed without this condition” in the 
footnote of Fujii’s paper [9]. This statement 
concerns the solution of Spalding-Cruddace 
[13], and this condition in the quotation denotes 
that f = 0 at 5 = 0. 

In short, the method of Gebhart et al. is 
equivalent to Fujii’s instead of being so “clear, 
very simple and efficient”. It is to be noted here 
that the transformation proposed by Gebhart 
et al. has been already derived by Katto-Koide 
[14] in more general way. 

3. NUMERICAL RESULTS 

Numerical calculations are performed for 
Pr = 0.01, 0.03, 0.1, 03, $, 07, 1, 2, 3, 5, 10, 30 
and 100 by using Rung+Kutta method. Eigen- 
value f’(0) is searched out for a fixed value of 
h(O), based on the results of Uehara-Fujii [15] 
and Fujii [9]. Thereafter f’ and h are normalized 
by using relation (17). When an estimated value 
of f’(0) is slightly smaller than a presumable 
exact value, f’ decreases monotonously and 
takes a negative sign over the range of a large 
value of l. On the other hand, when the value 
f’(0) is slightly larger, f’ becomes to increase at 
a point of 5, where f’ takes a small positive value 
shown in the last column of Table 1. The values 
off and h up to this point, which is an inflextion 
point of f, are employed as representative 
solutions, since the condition at 5 + cc cannot 
exactly be satisfied in the digital computation. 

The obtained dimensionless profiles of vertical 
velocity component and temperature are shown 
in Figs. 1 and 2. The characteristic values of 
solution, accuracy and calculation are sum- 
marized with respective significant figures in 
Table 1. 

When compared with closed form solutions 
for Pr = $ and 2, the numerical results are 
assessed to be accurate to respective significant 
figures. The accuracy for conservations of 
momentum and energy is achieved to the order 
of lo-’ in the range of Pr 3 0.1. The results 
obtained for Pr = 0.01 and 0.03 were not so 
accurate as those for the other Pr number, 
because they are still deficient in the significant 
figures of the eigenvalues. 

Comparison between the results of Gebhart 
et al. [l] and the authors’ is given in Table 2, 
where the values denoted by subscript G show 
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Table 1. Characteristic values of solution, accuracy and calculation 

001 0.5276 0.7214 19.28 3.341 1GOOO9 78 0024 1104 30 
0.03 0.61745 064257 12.80 2.9923 1GOOOO 310 0.024 110.4 140 
0.1 0.71033 0.56415 7.888 26471 100002 9.2 0020 82.0 5.2 
0.3 0.77544 0.49539 5.309 2.3714 100000 2.1 0012 50.4 1.4 
519 0.80093 045901 4.385 2.2413 100000 0.010 33.0 

[0.80093] [;:I459:;] Ct’E;l wgl c;lml ii cm1 
@7 0.80872 a010 

)i4 
29.0 . 

1 0.81937 0.42753 3.784 2.1385 099999 6.2 0008 20.0 4.6 
2 0.837485 0.396760 3.3418 20448 1GOOOO 0.63 oGO7 25.9 0.46 

CO.8374841 [l] 
3 0.84747 [;:;;;;;l] [;3$] [;:2:‘] 1Qc0O1 [;!2 oQO6 %‘6 . Y88 . 
5 0.85968 0.36786 3.039 1.9593 100000 5.1 oQO5 23.0 4.2 

10 0.87516 0.35336 2.918 1.9152 103000 1.6 OW4 25.4 1.1 
30 0.98547 033889 2.818 1.8691 099999 6.1 0.003 24.6 4.7 

100 0.91095 033018 2.766 1.8395 1GMOl 4.9 oQO2 26.6 3.4 
co 0.93356 0.31983 2.692 1.8024 1 - - - - 

The values of I correspond to the solutions obtained by using the value-s off’(O) and h(0) in the second and third columns; 

(I, - 1,)/I,, is an index of accuracy for momentum conservation law, where I, = [y2 dt and I,, = 3 r h dl; A< is division 

of 1; used in calculation; &, is the largest value of r adopted in calculation; f’(co) is the value off’ at (,; values in paren- 
thesis [ ] correspond to the closed form solution; values for Pr = co are quoted from [13]. 

1.0, , , , , ( , , , , I I I 1 

0.8 

i 0.6 

0 2 4 IO 30 50 

FIG. 1. Dimensionless profiles of vertical velocity component. 
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0 2 4 6 IO 30 50 

Fro. 2. Dimensiontess pro&s of temperature. 

the results of Gebhart et al. converted into the 
authors’ variables. The conversion is made by 
the following formulae, 

<c = (42J)+q, fc = 4(42J)-“F, 

j-b = 4(49-W, h, = (43.14)-“rr, 1 
(ZO) 

where 

J=r F’Hdq, 
-* 

(21) 

and q, F and H denote the variables of Gebhart 
et al. corresponding to 5, f and h respectively. 

The accuracy of solutions of Gebhart et al. is 
deteriorated with the increase of Pr number, 
namely with the increase of the thickness of 
velocity layer, as shown in Table 2. The range of 
employed for calculation affects eigenvalues f’(0) 
and h(O), and affects more remarkably the profiles 
and the values of f( co), 6 and 1, which are shown 
in Table 1. 

Figures 3 and 4 are prepared in order to 
interpolate the profiles for arbitrary Pr number. 
The values of f’(O), h(0) and 6 in these figures are 
obtainable from Table 1 by interpolation. 

Table 2. Comparison between the results of Gebhart et al. [1] and the authors 

Pr 0.1 0.7 1 2 6.7 10 

0.7065 0+3000 08098 0.8249 0.8469 0.8530 
0.71033 0.80872 0.81937 0%3748 (0.8662) 0.87516 

(f’,(O) - f’K% x l@WW) -0.5 -1.1 -1.2 - 1.5 (-2.2) -2.5 

h,(O) 0.1765 0.3653 0.4177 05444 0.8935 1.0619 
h(o) 0.17840 037328 0.42753 0*56110 (0.9362) 1.11742 
{h&3) - h(O)} x lOW(0) -1.1 -21 -2.3 -3.0 (-4.5) -50 

2fo(a3) 7913 4.169 3.831 3.384 3,008 2.940 
Y(m) 7%88 4,118 3.784 3.342 (2.987) 2.918 
l&(m) -f(w)) x 100/f(~) 0.3 1.2 1.2 1.3 (0.7) 0.8 

&/&(O) = 0.01 at 5, = 20 75 66 6-l 6.0 6.0 
f’/!‘(O) = 001 at c = 21.1 7.44 6.59 597 (593) 5.96 

[5971] 

hJh,(O) = 001 at to = 24 7.1 5.6 3.6 1.8 1.4 
h/h(O) = 0.01 at { = 24.0 7.06 5.61 3.63 (1.73) 1.39 

[ 3.6291 

Values denoted by subscript G correspond to the results of Gebhart et ai. {l] converted by (20) and (21); values in paren- 
thesis ( ) are those interpolated from Table 1; values in brackets [ ] are those reckonend from the closed form solution. 
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FIG. 3. Graph for interpolation of the profile of vertical velociti component for arbitrary Pr number. 

4. EXPERIMENTAL RESULTS 
CONSIDERATIONS 

4.1 Apparatus 
The experiment for the plume in 

AND which supported the wire, provided adjustments 
for horizontal leveling and for tensing the wire 
to preclude sag. 

air was per- A 20 cm Mach-Zehnder interferometer was 
formed in a usual laboratory room, which was 
about 4 x 5 m2 in horizontal dimensions and 
about 4 m in height. A nichrome wire of 0.2 mm 
dia. was streached horizontally in 156 mm span 
between two copper blocks and placed about 
one meter from the bottom in the center of the 
room. The wire was heated by a direct electric 
current passing through it. The framework, 

used to measure the temperature profile in the 
plume. The light source used was an electric 
spark with an interference filter passing 4480 A 
light. Photographs of the interferogram were 
taken at a moment, when the image was rela- 
tively stationary, vertical and symmetrical. The 
fringe shift was converted to temperature varia- 
tion by referring [ 163. 

I.0 

0 1 2 3 

c/a 
FIG. 4. Graph for interpolation of the profile of temperature for arbitrary Pr number. 
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The convection heat rate as the driving force In the tall vessel, the heater was supported 
of the plume was obtained by subtracting the just outside the flanges, and submerged about 
radiant transfer rate from the electric input 0.1 m from the bottom. The levels of water and 
supplied to the wire. These heat rates were spindle oil were taken as 1.1 and 0.5 m. In the 
separated by calculation under the assumptions short vessel, the heater was attached between 
that the heat-transfer coefficient by natural two parallel acryle plates at flanges, and sub- 
convection is given by the expression of Senft- merged about 0.05 m from the bottom. In this 
leben [17] and that the emissivity of the surface vessel only water was used and the water level 
of nichrome wire is equal to 0.7. was about 0.25 m. 

The experiments for the plumes in liquids 
were performed in tall and short acryle vessels, 
which were about O-3 x 0.3 m2 and 02 x 0.3 m2 
in horizontal dimensions and about 1*2m and 
@3 m in height respectively. A sheath heater of 
212 mm effective length and 1-O mm outer dia. 
was used as the heat source. Two small flanges 
were attached to the sheath heater at places near 
the connecting points of resistance wire with 
lead wires, as shown in Fig. 5. 

The temperature in the plume was measured 
by a copper-constantan thermocouple of 50 pm 
dia., which was stretched horizontally in 40 mm 
span and in vertical plane including the heat 
source. The therm0 electro-motive force cor- 
responding to the temperature rise above the 
ambient fluid temperature was recorded by a 
pen-recorder of 0.5 mV full-scale. The peak 
values on the recorder chart, on which the 
recorded curve was quasi-periodic, was evalu- 
ated as the maximum value at the elevation above 
the heat source. Stainless sheath I.0 # 

/ Lead wire 0.7 #J 

Resrstcnce wire 

FIG. 5. Cross-section of the heat source used for the plumes 
in water and spindle oil. 

Fluids used, dimensions of test space and heat 
source, and ranges of measurements, etc., to- 
gether with those hitherto reported, are sum- 
marized in Table 3. 

4.2 ~~~~it~~ive o~servu~io~ 
For the plume in air, the same characteristics 

as those found by Brodowicz-Kierkus [5] and 
Forstrom-Sparrow [6] were observed. Waves 

TnbZe 3. Apparatus and experimental conditions 

The authors Brodowicz- Forstrom- Schorr- 
Kierkus [3] Sparrow [6] Gebhart [7] 

Fluid water spindle oil air an silicone 
Pr ttr;51 55-8 130-i43 @71 0.71 6.7 
Space m3 4X5X4 0.2 x @3 x 0.25 and 0.3 x 0.3 x 1.1 1 x 1 x 2.5 0~8x0~6~1~1 0*14x@19xO~2.5 

Heat source 
dia. mm 0.2 1.0 1.0 0.075 1.02 0.127 
length mm 156 212 212 250 254 51 & 153 

Instrument interferometer thermocouple thermocouple interferometer thermocouple interferometer 
Heat rate W/m 24 60-220 6%410 9.75 2-13 1.56-2.8 
Elevation mm 8-16 lo-20 20-200 IO-80 6-380 7.678 
GT 1 x 105-l x 106 1 x 105-2 x 106 3 x 103-2 x 107 7 x 104-4 x 10’ 4 x 103-5 x 109 3 x 104-7 x 10’ 

In this Table are shown the ranges of the values employed for the discussion in the present paper. 
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of several Hz, which resembled those shown 
by Pera-Gebhart [S], took place occasionally. 
This phenomenon seemed to be a kind of 
selective resonance with natural turbulence in 
the ambient. 

Stripe of 5mm pitch 

Line heat source 

When the temperature of vessel wall was 
asymmetrical or when a circulation of the fluid 
took place in the vessel, the plume inclined and 
did not sway. The influence of liquid level on 
the motion of plume was not remarkable. In the 
case of relatively small heat rate, the charac- 
teristic motion showed decline, though only the 
part near the heat source was observed. 

--_- 

f 
Canera 

Milk-white Acryle vessel 

plate 

Such necking in of the plume as pointed out 
by Schorr-Gebhart [7] was not visible, because 
the plume was attached to side plates in the 
short vessel, and relatively tight flow rose up 
from the flanges in the tall vessel. 

FIG. 6. A~~gerne~t for photo~aph~g the plume in spindle 
oil. 

The motion of the plumes in water and spindle 
oil was observed by utilizing the reflexion of 
light beam caused by the temperature variation 
under the situation shown in Fig. 6. Figure 7 
shows the motion of the plume in spindle oil 
taken at about 20 s interval. Several lines rising 
from the heat source exhibit meandering of the 
plume along the direction of the center line of 
heat source. The plume usually swayed with 
meandering, and the whole form resembled 
closely to the fluttering of a flag, though the 
period of swaying was very slow, for example, 
about 5-10 min. Similar motion was also found 
in the case of the plumes in spindle oil above 
heat sources of 27 and 48 cm dia. by Miyabe- 
Katsuhara [18]. 

Dividing (6) and (7) by h(0) and 6 respectively, 
we obtain 

h/h(O) = Gr*t/h(@ (22) 

S/S = Gr+y/&x. (23) 

By substituting measured values of x, y, t and Q 
into the right-hand terms of above expressions, 
the temperature and the coordinates are reduced 
to be dimensionless and the comparison with the 
theoretical prediction expressed in Fig 4 be- 
comes available. 

In Figs. 8(a) and (b) are summarized the data 
on air and liquid silicone respectively. For 
reckoning dimensionless values, physical pro- 
perties are taken at the ambient temperature. 
Even if these are taken at the maximum tem- 
perature, the results are affected only slightly. 

0 20 40 60 80 100 120 140 

Time, s 

FIG. 7. Motion of a plume in spindle oil. Q = 404 W/m, time interval = 20 s. 

160 180 
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@6 - 

(3f) Gr= IO’, The outhors 

&-A Gr = 7x IO4 Brcrdowicz 
-4x IO’, et ol. I 

a Gr<5x105 

a Gr>5x106 

Schorr ef or. 

3 
0.6 - 

2 

o-4 - 

0.2 - 

FIG. 8. Comparison between theory and experiment on the dimensionless 
profile of temperature. (a) air. Pr = 0.71, h(0) = 0.375,6 = 2605 (b) sili- 

cone, Pr = 6.7, h(0) = 0.932.6 = 0,745. 

Elevation x is measured from the center of heat 
source. 

In Fig. 8(a) the data of Brodowicz-Kierkus 
are taken from Fig. 9 of [5]. For the data of the 
authors and Brodowicz-Kierkus, the connecting 
horizontal bars indicate the order of the un- 
certainty caused by the asymmetry of interfero- 
gram. Bands of scattering of the data of For- 
Strom-sparrow are shown by broken lines. These 
are the data on laminar plume in Figs. 3 and 4 
of [6], which are rearranged by the use of the 

values shown in Table 1 of [6]. Though slight 
influence of x is recognized on the scattering 
of data, most of the data in the ranges of Gr < 
5 x 10’ and Gr > IO* are in the bands hatched 
vertically and obliquely respectively. This ten- 
dency is, in fact, corresponding to the idea of a 
virtual heat source. Though the data of authors 
and Brodowicz-Kierkus are in the range of 
lower Grashof number, they have relatively 
higher values of h/h(O). 

The broken lines in Fig. S(b) show the bands 
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of data of Schorr-Gebhart, which are taken from 
Figs. 8,9,11 and 12 of [7] and rearranged by the 
use of the values At, shown in Figs. 5 and 6 of 
[7]. The data for Q = 0.7 W/m of [7] are not 
adopted, because their values of h/h(O) are too 
small. Though the data on 2 in. length heater 
are generally located near the upper line and 
those of 6 in. length heater near the lower line, 
there are also recognized the tendency that the 
larger Grashof number the lower value of h/h(O) 
and the smaller Grashof number the higher 
value, whether the heat source is longer or 
shorter, as shown in Fig. 8(b). This tendency is 
inconsistent with the results of Forstrom- 
Sparrow and constitutes a ground opposed to 
the idea of a virtual source. 

Despite that the data summarized in Fig. 8(a) 
were obtained under different conditions, as 
shown in Table 3, and under very different 
circumstances as mentioned previously, the 
general tendency is the same with each other; 
that is, the maximum temperature measured is 
about 15-20 per cent lower and the outer part of 
the plume is more extensive in comparison with 
theoretical predictions. The scattering of the 
data is also in similar order for all experiments, 
and it is smaller than the difference between 
theory and experiment. Therefore, it is reason- 
able at present that the origin of x is taken at the 
center line of the heat source. 

It may be considered that both the difference 

between theory and experiment and the scatter- 
ing of data are affected by the mode of swaying 
and meandering. Though the profile measured 
is different from the theoretical prediction, the 
similarity, i.e. the functional relation among 
x, y, t and Q is admittedly consistent. 

By the way, Forstrom-Sparrow and Schor- 
Gebhart took the maximum of measured values 
as the representative for dimensionless expres- 
sions, stating that the measured values were in 
excellent agreement with theory. This compari- 
son is unreasonable, and at the same time the 
accuracy of the profile depends on that of the 
maximum value. 

4.4 Maximum temperature in the plume 
From (6) the following expression is obtained, 

to/Oh(O) = Gr-*, (24) 

where t, is the temperature at the mid-plane of 
the plume. The relation of @h(O) vs. Gr is 
plotted in Fig. 9, where t, is the mean value of 
maximum temperature measured at x, h(0) is 
interpolated from Table 1,O and Gr are reckoned 
from respective experimental conditions, and 
physical properties of water and spindle oil at 
the ambient temperature are evaluated by the 
use of the formulae in Appendix of [19]. The 
references of the data hitherto reported are made 
similarly as in previous section. 

For water and spindle oil, the data in the range 

Pr = 5 5, The authors 

FIG. 9. Comparison between theory and experiment on the relation of t,/@h(O) vs. Gr. 
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of about Gr < lo6 are in good agreement with 
theory, whereas those in the range of about 
Gr > lo6 are about 10-15 per cent lower than 
the theoretical prediction. The influence of the 
liquid level on these data was not appreciable. 

All data for air are about 15-20 per cent lower 
than theoretical predictions. The swaying and 
meandering of the plume may be appreciated 
from local point of view as fluctuations of 
temperature and velocity. It may be possible to 
raise the homogenizing of the fluctuations in the 
plume in air, since the periods of swaying and 
meandering of the plume in air are relatively 
small and the temperature diffusivity of air is 
relatively large. It is, however, not able to explain 
why the results for liquid silicone by Schorr- 
Gebhart [7] show tendencies different from 
those for water in the ranges of smaller Gr 
number, though the physical properties of the 
both are in the same order. 

5. CONCLUSION 

(1) The closed form solution of pertinent 
equations is obtainable only for the cases of 
Pr = 2 and 2. 

(2) The idea of boundary conditions by 
Gebhart et al. [l] does not lead to any new 
conceptions. 

(3) New accurate numerical solutions are 
obtained for Pr = 0.01, 0*03,0.1,0*3, 0.7, 1, 3, 5, 
10, 30 and 100. The characteristic values are 
shown in Table 1, and the graphs for interpola- 
tion of the profiles of vertical velocity component 
and temperature for arbitrary Pr number are 
given in Figs. 3 and 4 respectively. 

(4) Gebhart et al. contributed only a little on 
numerical calculation, and there are errors of the 
order of several per cent in their results. 

(5) The plume usually sways and meanders 
with the similar mode as the fluttering of a 
flag. An example of the motion of the plume in 
spindle oil is shown in Fig. 7. The similar 
instability as shown by Pera-Gebhart [8] was 
also observed occasionally in the experiment for 
air. 

(6) When the plume comes right above the 

heat source, the maximum temperature is in 
good agreement with theoretical prediction in 
the range of about Gr -c lo6 for the plumes in 
water and spindle oil. All data for the maximum 
temperature in the plume in air are about 15-20 
per cent lower than theoretical prediction. 

(7) The temperature distributions for the 
plumes in air and liquid silicone are different 
from theory, but the similarity relation is 
consistent with theory. 

(8) It would be better to consider that the 
difference between theory and experiment and 
the scattering of data is due more to the varia- 
tion of the mode of meandering and swaying 
than to the accuracy of the measurement and/or 
the carefulness on experimental procedure. 
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SILLAGE NATUREL AU-DESSUS DUNE SOURCE THERMIQUE LINEAIRE HORIZONTALE 
R&sum&--Le premier problbme trait6 dans cet article est la resolution des equations concernant le sillage 
laminaire permanent au-dessus dune source thermique lintaire horizontale. Tandis que la solution de 
Gebhart et al proposk pour ce probleme est la cause de controverses, de nouvelles solutions numeriques 
plus p&&es sont present&s pour Pr = O,Ol, 0,03, O,l, 0,3, 0,7, 1, 3, 5, 10, 30 et 100. De plus, lesprofils 
de la composante verticale de la vitesse et les pro% de temperature ont &it don& graphiquement afin 
de permettre une interpolation pour un nombre de Prandtl arbitraire. 

Puis on a considert la relation entre la theorie et l’exptrience a travers la revision des resultats des 
experiences deja faites sur lea illages dam I’air, l’eau et l’huile aussi bien que ceux jusqu’ici rapport& sur 
l’air et le silicone liquide. Le mouvement nature1 du sillage non perturti est trb lent et fait penser au 
au flottement dun drapeau. Les photograph& p&e&es ici representent le mouvement typique du 
panache dam l’huile. De facon g&&ale, les resultats experimental sent differents de cenx theoriques 
mais, lorsque Ton considtre la distribution de temperature dans le panache, on peut lui appliquer la 
variable de similaritt correspondant a la theorie. Les temperatures maximales da sillages dans l’air sont 
d’environ 15 a 20 pour cent inferieures aux estimations theoriques dans le domaine complet du nombre 
de Grashof. Celles enregistrkes dans l’eau et l’huile sont en bon accord avee les estimations theoriques 

dans le domaine de Gr < 106. 

AU~RIEBSSCHLIEREN UBER EINER HORIZONTALEN, LINIENF~RMIGEN 
WARMEQUELLE 

Zusammenfassung-Das erste Problem, das in dieser Arbeit behandelt wird, ist die Liisung der Gleichungen 
fiir die Bewegung der station&en laminaren Schlieren iiber einer horizontalen, linienfiirmigen Wgrme- 
quelle. Da einige Widerspriiche zu den Aussageu von Gebhart et. al. 111 zu diesem Thema erhoben wurden. _ 
sind geuauere numerische LSsungen ftir Pr = 0,Ol; 0,03; 0,l; 0,3; 0,7; 1; 3; 5; 10; 30 und 100 angegeben. 
AuBerdem werden die Profile der vertikalen G~hwindigkei~komponente und d~.Tem~rat~ so auf- 
gezeichnet, dass sie sich zur InterpoIation Wr beliebige Prandtl-2ahlen eignen. 

Dann wird die Beziehung zwischen Theorie und Experiment untersucht, unter Beriicksichtigung aller 
experimentellen Ergebnisse ilber Auftriebsschlieren in Luft, Wasser und Spindelol ebenso wie der bisher 
veroffentlichten Ergebnisse ftlr Luft und fltissigea Silikon. Da die nattirliche Bewegung einer ungestorten 
Schliere extrem langsam ist, hat sie betrlchtliche Ahnlichkeit mit dem Flattem einer Flagge. Die hier 
gezeigten Fotos stellen die typische Bewegung einer Auftriebsschliere in Svindelol dar. 

Allgemein unterscheiden sich die Versuchsergebnisse von der Theorie fur die Temperatu~erteilung in 
der Schliere, doch l%st sich die ~hnlichkeitsvariable aus der Theorie auf das Exneriment anwenden. Die 
M~im~tem~ratur~ der Scblieren in Luft liegen im ganzen Bereich der Grashbf-Zahl etwa 15 bin 20% 
tiefer als die theoretischen Voraussagen. In Wasser und im Spindelol stimmen sie im Bereich Gr < la6 gut 

mit der Theorie tiberein. 
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kWJIE,sJIlOII~~i’&X OPEOJI HAA I’OPM30HThJILHl>lM JI~HEf~HI,IM 
MCTOZIHHICOM TErIJI.4 

AamwaqwI--nf?pBOi SanaYeti, paCCMaTp~WleM0~~ B ;laHHOir CTaTLf?, KB3IReTCfl peIIfemP 

ypaBHeHNi8 AJIH CTaWiOHapHOrO JIaMHHapHorO OpeO:Ia Ha l‘O~~I~:~OHTPJILHbII1 :IIlHeiifIbI~f 

EICTo9HHKOM TeIIZIa. HeCMOTpR Ha HtWOTO~‘bIf? ~ZICXOir~;leWWI CO 13:3rJIH~a?4M I’eGxn~lTa 1, ;I!,. 

1 n0 ~TO$I aaaase, nonyYeHb1 6onec Tor3HbIe qllC;leHIIbIe peIIIeHm &-IH Pr = 0,Ol : 0,03 ; 0.1 : 

0,s; 0,7 ; 1, 3,5, lo,30 M 100. HpOMe TOrO. IlpO@KI~l BepTnIia;JbHO~ fiOMfIOfIeHThI CKOpOcTIl 

&I ‘TeMrIepaTypbI Ilpe~cTaB.iIeHbr TBK, YTO aTI peSy.FIbTaTbI MOI’YT ribITh f1,:,IO:,bROH~HLI “!I,, 

~~HTepIIO~HpOBEtHI’Ul fi.TIR IfpOH:IBO.7bHOl’O :IHaYeHIIR ‘IIlCna npaHZT;IR. 

npg~~og~TCri conocTameme TeopeTnqecIilzx II ~f~CIIe~~~l\leHT~~,lbHbIx ZaHIIbfX, i_l.?IH ‘fe:1’0 

DI,InoJIHeFI 0630p 3f~CIfe~kiMeIIT&TIbHbIX I)e:(VJIbTaTOB 110 OI’eOJIaM B BO:,;lyXP, BOI” *I 

BepeTeHHofd filacae, a TafuKe paHee COO6lI(eHHbIX ;laHHbIX 110 1303flyxy II NZ~KOMy CItZIIlIiOH~. 

ECTecTBeI3HOC ~BM?tfC!HHe Ht’B0:3MyIIWHHO~O OpeOZIa CIIOKOiHOe, OWlb MeflJIeHHOe It IIBIIOMM- 

IlaeT TperIeTaHHe @tara. Ha IIpefiCTaBZIeHHbIX cf,OToI’pa$UlfIx 1IOlia:JaHO XapafiTepIfot? 

nBHWeHP,e OpeOZa B Be&WTeHHOM MaCJIe. 13006II&? POBOPFI, 3I~CIl~}~MM~HT~~Ib~IbI~ ,,e:J).,nhTa’TbI 

OTJIBXI~IOTCI~ OT TeopeTIivecmx, HO IIOCKOJIbHy paccMaTpmaeTcFI pacnpe;wIeIITe Te3tIreparypbI 

11 OpeOne, TO Ii Hemy MOiHEHT 6bITb flpMMetIeHa COOTBeTCTByIOLfWI Tt’OpI~llr aBTO:~lO~eJIhII:lfl 

nepeMeHHaH. MaKCllMaJIbHbIe TeMtTepaTypbI B OpeO;IaX B 1103~)‘xt ofia:laJI1ICL IfpmepIto Ht3 

15-20% mme, 9eM I3 TeopeTmecKktx pacu6Tax Ann meI- ;Inana:3om :IHaveIInfi wcna 

rpacrO@a. VITO IiacaeTcn BoxbI Ii sepeTeHaor0 Mama, TO :3lWL Ha6:IIO;fa.ZOCh xOp0IIIee 

CooTBeTCTBIiC C Tf?OpeTW4eCKH3lH ;ZaHHb,,lN II ~flaIlft:IOHe c+ < 1~~‘. 


